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Abstract

This article deals with the estimation of the parameters of an α-stable dis-
tribution with indirect inference, using the skewed-t distribution as an auxiliary
model. The latter distribution appears as a good candidate since it has the same
number of parameters as the α-stable distribution, with each parameter playing a
similar role. To improve the properties of the estimator in finite sample, we use
constrained indirect inference. In a Monte Carlo study we show that this method
delivers estimators with good properties in finite sample. We provide an empirical
application to the distribution of jumps in the S&P 500 index returns.
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1 Introduction

The α-stable distribution has been widely used for fitting data in which extreme values
are frequent. As shown in early work by Mandelbrot (1963) and Fama (1965a), it ac-
commodates heavy-tailed financial series, and therefore produces more reliable measures
of tail risk. The α-stable distribution is also able to capture skewness in a distribution,
which is another characteristic feature of financial series. The distribution is also pre-
served under convolution. This property is appealing when considering portfolios of
assets, especially when the skewness and fat tails of returns are taken into account to
determine the optimal portfolio.1 Stable processes have recently been used in the high-
frequency microstructure literature by Ait-Sahalia and Jacod (2007, 2008) who proposed
volatility estimators for some processes built from the sum of a stable process and an-
other Levy process.

To estimate the parameters of an α-stable distribution we propose to use indirect
inference (see Smith, 1993 and Gouriéroux, Monfort and Renault, 1993, GMR hereafter),
a method particularly suited to situations where the model of interest is difficult to
estimate but relatively easy to simulate. Indeed, the α-stable density function does
not have a closed-form expression and is only characterized as an integral difficult to
compute numerically, making ML estimation not very appealing in practice.2 However,
several methods are available to simulate α-stable random variables, such as the one
described in Chambers, Mallows and Stuck (1976).

Indirect inference involves the use of an auxiliary model. Auxiliary parameters are
recovered through maximization of the pseudo-likelihood of a model based on the ficti-
tious i.i.d. sampling in a skewed-t distribution of Fernandez and Steel (1998).3 It is a
Student-t with an inverse scale factor in the positive and negative orthants, allowing for
asymmetries. The distribution has four parameters which have a one-to-one correspon-
dence with the parameters of the α-stable distribution. There is a clear and interpretable
matching between the two sets, parameter by parameter.4

Our application of indirect inference is innovative in two respects. First, following
McCulloch (1986) in the context of matching quantiles, we actually perform a con-

1Basic references on the α-stable distribution are Feller (1971), Zolotarev (1986) and Samorodnitsky
and Taqqu (1994). Its properties motivate its use in the modelling of financial series in particular
by Carr et al. (2002) and Mittnik, Paolella and Rachev (2000). For value-at-risk applications, see
in particular Bassi et al. (1998) and Mittnik, Rachev and Paolella (1998). For portfolio allocation
with stable distributions, see Fama (1965b), Bawa, Elton and Gruber (1979), and Ortobelli, Huber and
Schwartz (2002).

2Nevertheless, DuMouchel (1973) has shown that the maximum likelihood (ML hereafter) estimator
is consistent, asymptotically normal and reaches the Cramer-Rao efficiency bound.

3Hansen (1994) also proposes a skewed version of the Student-t. The way skewness in introduced
differs from that of Fernandez and Steel (1998).

4During the course of this project, we were made aware by M. J. Lombardi that Lombardi and
Calzolari (2008) use the same auxiliary model to estimate a stable distribution. The two projects were
conducted independently and differ in several respects.
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strained version of indirect inference, introducing an a priori constraint on one auxiliary
parameter to match, namely the number of degrees of freedom of the Student-t. The
theory for such constrained indirect inference (CII hereafter) has been developed in a
general context by Calzolari, Fiorentini and Sentana (2004) (CFS hereafter). Second,
we stress in our application that the α-stable simulator need not to take into account
the actual dynamic features of the data.5 We show that, for a reasonable level of asym-
metry, the pseudo-ML estimators of the four parameters of the skewed-t distribution are
asymptotically normal even when the observations are generated by an α-stable distri-
bution.6 Consequently, the associated indirect inference estimators of the parameters of
the α-stable distribution are asymptotically normal too.

We compare our method to two moment-based estimation methods. McCulloch
(1986) proposed a quantile-based estimator, by building sample counterparts of the
cumulative distribution function. Another approach is to match moments produced by
the characteristic function (CF hereafter). Carrasco and Florens (2000, 2002) devise an
optimal generalized method of moments based on a continuum of moment conditions
corresponding to the CF computed at all points. Called continuous GMM (CGMM),
the method produces an efficient estimator and overcomes the necessity of choosing an
arbitrary set of frequencies, which was a fundamental drawback of CF-based methods.7

In a Monte Carlo study, we compare our estimator with CGMM and report that it is
often more efficient in finite sample. Since DuMouchel (1973) provides a way to compute
the efficiency bound in the i.i.d. case, we are able to measure the performance of our
indirect inference estimator with the ML benchmark. At least in this i.i.d. setting, the
efficiency loss appears mainly negligible given the finite sample improvement brought
about by indirect inference. We also compare our method to the simple but inefficient
quantile-based estimator of McCulloch (1986). Our estimates are close to those obtained
with the quantile-based method. However, our estimators appear to have a much smaller
variance, both asymptotically and in finite sample.

Many of the properties of stable models are shared by GARCH models. In particular,
both models share the facts that the unconditional distribution has fat tails and that the
tail shape is invariant under aggregation (see Ghose and Kroner 1995 and de Vries 1991).8

We illustrate this observational equivalence by generating different GARCH(1,1) and
IGARCH(1,1) with Gaussian and Student-t innovations and aggregating the generated

5The use of a wrongly-specified simulator in indirect inference has not received much attention,
except in Dridi, Guay and Renault (2007).

6According to our Monte Carlo experiments, the allowed level of asymmetry is actually consistent
with the one produced by an α-stable distribution with support on the whole real line.

7Some authors, like Fielitz and Rozelle (1981), recommend to match only a few frequencies on the
basis of Monte Carlo results, while others, like Feuerverger and McDunnough (1981), recommend on
the contrary to use as many frequencies as possible.

8It is well-known that, except for the limiting case of the normal distribution, all the α-stable
distributions have infinite variance. However, it should be remembered that a highly persistent GARCH
with, by definition, finite conditional variances, may produce infinite moments at orders not much higher
than two.
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processes to lower frequencies. We show that the unconditional density captures very well
the variance and kurtosis through aggregation and memory. The tail index α remains
relatively constant under aggregation while the estimated dispersion increases.

We complete our analysis by applying our estimation procedure to a series of realized
jumps filtered from the S&P 500 return series using the methodology of Tauchen and
Zhou (2009). We find that the stable distribution that best characterizes these jumps is
symmetric with an estimated tail index of 1.7.

The rest of the paper is organized as follows. Section 2 briefly describes the properties
of α-stable distributions and their estimation by CGMM and empirical quantiles. In
section 3 we detail the application of the indirect inference methodology to the α-stable
distribution, using the skewed-t distribution as an auxiliary model. We discuss the
primitive conditions that warrant identification of structural parameters and asymptotic
normality of their indirect inference estimators. Section 4 reports the results of a Monte
Carlo study where indirect inference is compared to CGMM and empirical quantiles.
The superior performance of CII is documented through both asymptotic and Monte
Carlo MSE. We also compare and illustrate through simulations the relationship between
the fat-tailed unconditional distributions produced by highly persistent GARCH models
and an α-stable model. Section 5 is devoted to an empirical application to jumps in
equity returns. Section 6 concludes. Proofs to several propositions are provided in the
Appendix.

2 The α-stable distributions, CGMM and empirical

quantiles

The α-stable family of distributions is characterized by four parameters α, β, σ and µ,
where α is the stability parameter, β the skewness parameter, σ the scale parameter,
and µ the location parameter. These parameters define the natural logarithm of the
characteristic function as

lnψθ(t) = lnE (exp(it Y )) = iµt− σα |t|α [1 − iβ sign(t) tan(πα/2)]

where θ = (α, β, σ, µ) ∈ Θ = ]1, 2]× [−1, 1]×R
∗
+×R, Y is the random variable following

the α-stable distribution S(θ) with characteristic function ψθ(·) and sign(t) = t/ |t| for
t 6= 0 (and 0 for t = 0). Note that the α-stable distribution can also be defined for α
smaller than 1 but we preclude this case to guarantee the existence of a finite expectation.
This requirement is rather realistic for the application to financial returns we have in
mind. More generally, E(|Y |p) <∞ for all p < α and in particular E(Y ) = µ.

Even though the likelihood function is not known in closed form in general, the score
function for an i.i.d. sample of size n remains asymptotically root-n normal. Therefore,
DuMouchel (1973) was able to show that the standard tools of maximum likelihood
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theory (mainly root-n asymptotic normality and Cramer-Rao bounds) may be applied
to estimation of θ insofar as its domain is limited to |β| < min (α, 2 − α). This result
implies that efficient estimation of the parameters of α-stable distributions remains a
sensible goal and that asymptotic normality of M-estimators like MLE or QMLE can
be derived by the application of standard central limit theory to well-chosen (pseudo)-
score functions rather than to moments of Y , which do not exist. This idea is the main
motivation of the indirect inference strategy proposed in this paper.

Other estimation methods are available. Since the theoretical characteristic function
has a closed form, estimation can be performed by fitting the sample characteristic

function n−1
n
∑

j=1

exp (itkYj) to the theoretical one ψθ(tk), defined on a grid of frequencies

tk, k = 1, . . . , K. The problem is that it takes an infinite number of moment conditions,
indexed by tk ∈ R, to summarize the informational content of the characteristic function.
Consider the moment conditions:

E(h(tk, Y, θ)) = 0, ∀k = 1, . . . , K, (1)

where h(tk, Y, θ) = exp (itY )−ψθ(tk). They amount to a set of 2K moment restrictions
E (gk(θ, Y )) = 0 that include the real and imaginary parts of h(tk, Y, θ). Standard

GMM estimates are solutions of min
∣

∣

∣

∣

∣

∣
Ω

−1/2
n hn(., Y, θ)

∣

∣

∣

∣

∣

∣
where hn(., Y, θ) is the sample

counterpart of (1) and Ωn is an estimate of the covariance operator. As first noticed
by Carrasco and Florens (2002), when the grid becomes sufficiently thin (K large), it is
not possible to estimate efficiently θ since the 2K estimating functions gk(θ, Y ) tend to
become collinear when K goes to infinity. As a result, the inverse of Ωn is not continuous
and it needs to be stabilize by the introduction of a regularization parameter δn. This
motivated Carrasco and Florens (2002) to introduce CGMM, which is based on the
whole continuum of moment conditions, to estimate θ as

θ̂n = arg min
θ∈Θ

∣

∣

∣

∣

∣

∣

(

Ωδn

n

)−1/2
hn(., Y, θ)

∣

∣

∣

∣

∣

∣
,

where
(

Ωδn

n

)−1/2
= (δnK + Ω2

n)
−1/2

Ω
1/2
n . Carrasco, Chernov, Florens and Ghysels (2007)

show that for a sequence δn such that δn −→ 0 but nδ
5/2
n −→ ∞ when n −→ ∞, θ̂n is

not only optimal among GMM estimators but reaches the Cramer-Rao efficiency bound.

An alternative moment-based estimation method is proposed by McCulloch (1986),
extending an idea of Fama and Roll (1971). In fact, this estimator can be seen as a
particular case of indirect inference. Let us denote by xp the p-th population quantile
of S (θ), i.e. P (Y < xp) = p. For any different values p, q, p′, q′ ∈ ]0, 1[,

xp − xq

x′p − x′q

is independent of both µ and σ. The idea of McCulloch (1986) is to define two functions
of such ratios, Φ1 = Φ1 (α, β) and Φ2 = Φ2 (α, β), that can be interpreted as two
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auxiliary parameters, which will allow to back out α and β. To get accurate estimators,
it is intuitive to focus the first auxiliary parameter on α (for each β) and the second on
β (for each α). McCulloch (1986) proposes to define Φ1 as a measure of the relative size
of the tails with respect to the middle of the distribution:

Φ1 (α, β) = max

(

x0.95 − x0.05

x0.75 − x0.25
, 2.439

)

, (2)

where 2.439 is the smallest possible value of Ψ1 (α, β), when α increases to 2, and as it
is irrespective of the value of β, β̂n is not identified. The second function

Φ2 (α, β) =
(x0.95 − x0.5) − (x0.5 − x0.05)

x0.95 − x0.05

(3)

is defined as a measure of the spread between the right part and the left part of the
distribution. Replacing population quantiles xp by their sample counterparts x̂p,n, the

estimators α̂n and β̂n are the solutions of Φ1

(

α̂n, β̂n

)

= Φ̂1,n and Φ2

(

α̂n, β̂n

)

= Φ̂2,n.

On the other hand, for any p, q ∈ ]0, 1[, xp −xq is independent of µ and proportional
to σ, so it is natural to define an estimator of the scale parameter σ through the auxiliary
parameter defined by

Φ3 (α, β) =
x0.75 − x0.25

σ
,

a standardized quantity that does not depend on µ and σ. The estimator Φ̂3,n of

the auxiliary parameter Φ3 is deduced from the previous estimation of (α, β): Φ̂3,n =

Φ3

(

α̂n, β̂n

)

. And the estimator σ̂n can be recovered from:

σ̂n =
x0.75 − x0.25

Φ̂3,n

. (4)

Finally, to back out the location parameter µ, it is natural to locate it with respect
to the median x0.5 of the distribution through

Φ4 (α, β) =
µ− x0.5

σ
+ β tan

(

Π
α

2

)

.

From the estimator Φ̂4,n = Φ4

(

α̂n, β̂n

)

we can then deduce the estimator of µ from

the previously defined estimators of (α, β, σ):

µ̂n = x̂0.5,n + σ̂n

(

Φ̂4,n − β̂n tan

(

Π
α̂n

2

))

. (5)

Therefore, to back out the indirect estimator θ̂n from the estimator Φ̂n of auxiliary
parameters, one has just to invert the binding function Φ defined as (2)-(5):

Φ (θ) = {Φ1 (α, β) , Φ2 (α, β) , σ, µ} .
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The resulting indirect estimator θ̂n is nothing but an indirect inference estimator. It
turns out that, by contrast with the most standard way to perform indirect inference,
no new simulations are needed to recover the indirect inference estimator in this case.
The reason for that is that the only two components of the binding function which are
not known in closed form (Φ1 (α, β) and Φ2 (α, β)) have been tabulated by McCullogh
(1986). In other words, the required simulation work is already done. However, the
computation of indirect inference standard errors would require to resort to simulations
as usual for numerical computation of the partial derivatives of the binding function.
This is required indeed only for a grid of values of α and β since the effect of the
location-scale parameters µ and σ inside the binding function is known in closed form.

Last, it is worth insisting on the constraint on Φ1. Although immaterial asymptoti-
cally when the unknown true value of α lies in the open interval ]0, 2[, this constraint may
play a role in finite sample. When Φ̂1,n is stuck on the value 2.439, the sample is char-

acterized by a three-dimensional parameter set
(

Φ̂2,n, Φ̂3,n, Φ̂4,n

)

, which does not allow

to identify the four unknown structural parameters. A sensible solution for this prob-
lem is to use the CII theory of CFS. The idea is to replace the lacking fourth auxiliary
parameter by the value of the Kuhn-Tucker multiplier associated with the constraint.

For the sake of efficiency, we rather choose in section 3 below to develop the CII ap-
proach with instrumental parameters provided by a well suited pseudo-likelihood func-
tion rather than by arbitrary quantiles.

3 Constrained Indirect Inference Estimation

3.1 Indirect estimation based on a skewed-t score generator

Indirect inference involves the use of an auxiliary model through its pseudo-likelihood
function. For indirect estimation almost as efficient as maximum likelihood, it matters
to resort to a pseudo-likelihood whose parameters match well all the information content
of the structural parameters of interest. This remark motivates our choice of a pseudo-
likelihood associated to the skewed-t distribution as introduced by Fernandez and Steel
(1998). This pseudo-likelihood function entails four auxiliary parameters denoted by
Ψ = (ν, γ, λ, ω) ∈ Ξ = R

∗
+ × R

∗
+ × R

∗
+ × R and its log-likelihood for n observations Yi,

i = 1, . . . , n, is given by

Ln = n log





2h (ν)√
πν

· 1

λ
(

γ + 1
γ

)



− ν + 1

2

n
∑

i=1

log

(

1 +
1

ν

(

Yi − ω

λ

)2

gω (Yi, γ)

)

, (6)

where

h (ν) =
Γ
(

ν+1
2

)

Γ
(

ν
2

) and gω (y, γ) =

{

1
γ2 if y ≥ ω

γ2 if y < ω.

7



The degree-of-freedom parameter ν (possibly non-integer) of a Student-t distribution
captures the thickness of the tails as α does for stable distributions, while the scale
parameter λ and the location parameter ω can easily be introduced to match the two
parameters σ and µ. Finally, the skewed-t allows one to accommodate skewness through
an additional parameter γ that should be informative about β. More precisely, when
observations Yi, i = 1, . . . , n, are identically distributed as Y following the stable dis-
tribution S(θ), the pseudo-log-likelihood function is integrable (i.e. log(1 + x2) < |x|
for large x) and from its expectation L(Ψ|θ) = E(L1(Ψ)|θ) we can define a pseudo-true
value Ψ(θ) by

Ψ (θ) = arg max
Ψ

L(Ψ|θ).

Note that Ψ(θ) = (ν(θ), γ(θ), λ(θ), ω(θ)) defines the pseudo true value of the skewed-t
parameters (ν, γ, λ, ω) when the true marginal distribution is S(θ), irrespective of the
possible dynamic structure of the data generating process. We expect the auxiliary
parameters (ν(θ), γ(θ), λ(θ), ω(θ)) to be very informative about θ. To see this, note that
the binding function θ → Ψ(θ) is not only one-to-one but each of its coefficients is well
focused on the relevant corresponding structural parameter according to the natural
association described in Table 1. The matching displayed in this table is justified by the
following result.

Proposition 3.1: For all (α, β, σ, µ) ∈ Θ

ω(α, β, σ, µ) = µ+ ω(α, β, σ, 0)

λ(α, β, σ, µ) = σλ(α, β, 1, µ/σ)

γ(α, β, σ, µ) = γ(α, β, 1, 0) =
1

γ(α,−β, 1, 0)

ν(α, β, σ, µ) = ν(α, β, 1, 0) = ν(α,−β, 1, 0).

Such a nice correspondence between auxiliary and structural parameters leads us
to hope that an indirect inference estimator θ̂n of structural parameters, obtained as
the only value of θ for which Ψ(θ) equals the pseudo-maximum likelihood estimator
Ψ̂n, should be very accurate and almost as efficient as maximum likelihood. To a large
extent, this will be confirmed by our Monte Carlo experiments with an exception however
concerning the estimation of the tail parameter α when its true unknown value is close
to 2. The reason for that is the following: even though α and ν are both the index
of regular variation characteristic of the tail of the stable and the skewed-t distribution
respectively, the binding function ν(α, β, σ, µ) = ν(α, β, 1, 0) not only does not coincide
with α but also becomes less and less informative about α when its true value gets closer
and closer to 2. In fact, ν(α, β, 1, 0) is an even function of β that blows up to infinity
when α becomes arbitrarily close to 2. For this reason, the inverse problem to recover
the structural parameter α from the auxiliary one ν becomes asymptotically ill-posed
when α goes to 2. To see this in a simple case, let us make more explicit the symmetric
(β = 0) case. The relationship between structural and auxiliary parameters is actually
even more transparent in the symmetric case. First, we can prove:
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Proposition 3.2: For all (α, 0, σ, µ) ∈ Θ

ω(α, 0, σ, µ) = µ

γ(α, 0, σ, µ) = 1.

In other words, in the symmetric case, the structural parameters are exactly equal to
their pseudo-true value analogs for both the location and the skewness parameters. As
far as the scale and the tail parameter are concerned, we know by proposition 3.1 that
in the symmetric case, they are fully characterized from the knowledge of λ(α, 0, 1, 0)
and ν(α, 0, 1, 0) that we denote respectively λ(α) and ν(α). We can then prove:

Proposition 3.3: For all α ∈]1, 2[, λ(α) and ν(α) are determined as solution of the

two equations:

1

ν(α) + 1
= E

(

Z(α)

1 + Z(α)

)

2h′(ν(α))

h(ν(α))
= E(log(1 + Z(α))),

where Z(α) = Y 2[ν(α)λ2(α)]−1, Y follows S(θ) with θ = (α, 0, 1, 0) and h(ν) =
Γ[(ν + 1)/2]/Γ[ν/2].

The function g(ν) = E(log(1 + (Y 2/νλ2))) shows why the problem becomes almost
ill-posed when α (and the corresponding ν) becomes large. The absolutely value of the
derivative g′(ν) decreases fast towards its limit zero when ν increases towards infinity.
As a results, small increments on α result in huge increments on ν(α). According to
our Monte Carlo work, an increase of α in the interval [1.4, 1.7] results in an increase of
ν from 2 to 10. And the variations are even steeper when α becomes close to 2. Even
though sensitivity of auxiliary parameters to structural ones should be a good thing for
indirect inference, the explosive behavior of ν comes with an explosive behavior of the
variance of ν̂n which makes indirect inference quite imprecise about α when it is too close
to two. Intuitively, when the variance of Y almost exists, the indirect inference matching
becomes closer and closer to behave as if the stable distribution were the normal one
(corresponding to α = 2) and pushes accordingly ν to infinity, with huge variance of ν̂n

since normality is far from being granted.

This is the reason why we have to constrain the auxiliary parameter Ψ1, first com-
ponent of Ψ, by imposing on it an upper bound, exactly as McCulloch (1986) did for his
auxiliary parameter that provided information about α. We choose to impose ν ≤ 2, that
is to redefine Ψ1 as Ψ1 = min(ν, 2). It is worth noting that, while α < 2 by definition,
the upper bound on ν does not have to be 2. Intuitively, choosing for ν an upper bound
larger than 2 is detrimental for the estimation of α and beneficial for the estimation of β.
This intuition, confirmed by our Monte Carlo experiments, can be explained as follows.
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First, as explained above through the explosive behavior of ν, if we do not constrain ν
to be smaller than 2, we loose the tight connection between ν and α as both measure
the index of asymptotic regular variation of the tails. Second, in case of an asymmetric
stable distribution, we know that the tail behavior has some informative content about
β (see Samorodnitsky and Taqqu (1994), property 1.2.15). Even though the binding
function ν(α, β, σ, µ) is an even function of β, it is consequently able to convey some
information about |β| that we basically waste by replacing the auxiliary parameter ν by
min(ν, 2), which is the uninformative constant 2 when the true value of α is large, larger
than 1.4 approximately.

Of course, as already mentioned for the quantile-based example, such a constraint
on the auxiliary parameter may destroy identification when it remains at its limit value
2. CII provides the right methodology to deal with this problem.

3.2 Constrained Indirect Inference

CII is based on the Lagrangian objective function

Qn (Υ) =
1

n
Ln (Ψ) + ρ (2 − ν) ,

where Υ = (Ψ′, ρ)′. The parameter ρ ≥ 0 is the Kuhn-Tucker multiplier associated with
the constraint ν ≤ 2. The estimator Υ̂n is then defined by the first-order conditions
jointly with the complementary slackness restriction ρ̂n (2 − ν̂n) = 0 and the inequality
restriction. Note that Ln(Ψ) is not differentiable with respect to ω at values that coin-
cide with one of the n observations Yi, i = 1, ..., n. These circumstances can be excluded
almost surely. Likewise, let us denote Y h

i (θ) , h = 1, · · · , H , the components of H simu-
lated paths of an α-stable process for a given value θ. The simulated path

(

Y h
i (θ)

)

1≤i≤n
defines a simulated criterion function:

Qh
n (Υ |θ ) =

1

n
Lh

n (Ψ |θ ) + ρ (2 − ν) ,

and the corresponding simulated estimators Υ̂h
n (θ) are defined by the first-order con-

ditions jointly with the slackness condition ρ̂h
n (θ) ·

(

2 − ν̂h
n (θ)

)

= 0 and the inequality
restriction (with the same remark as above regarding the innocuous non-differentiability
issue). Let us then consider the average estimator over the H simulated paths Υ̂n,H (θ) =

1
H

H
∑

h=1

Υ̂h
n (θ).

The main idea of CII is to choose the estimator θ̂r
n as a value of θ that matches

Υ̂n,H (θ) against Υ̂n. The superscript r reminds that the estimator is constrained, or
restricted, by the Kuhn-Tucker multiplier. Unfortunately, we cannot rely directly on
the results in GMR because the constrained estimator Υ̂n may not be asymptotically
normal in large samples in the presence of inequality constraints on its components ν
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and ρ. This is the reason why we closely follow below the relevant asymptotic theory of
CII, as developed by CFS, while slightly extending it to a case of finite H . Moreover, we
can simplify the exposition since we only focus on a just-identified case (dim Ψ = dim θ).
We first maintain Assumption 1 of CFS:

Assumption 1: 1
n
Ln(Ψ) converges almost surely to L(Ψ|θ) = E(L1(Ψ)|θ) uniformly

in (θ,Ψ) as n goes to infinity, where L(Ψ|θ) is twice continuously differentiable

with respect to its both arguments.

Note that the differentiability of L(Ψ|θ) is granted with standard Lebesgue dominated
convergence arguments, even with respect to the variable ω, since the non-smoothness of
L1(Ψ), event of probability zero, has no impact on the expectation. For each value of θ we
can define the binding function for the constrained auxiliary parameters Υ = (Ψ′, ρ′)′ as
Υ(θ) = (Ψr(θ)′, ρ(θ)′)′ from the value Ψr(θ) = (νr(θ), γr(θ), λr(θ), ωr(θ))′, which fulfills
the first order conditions:

∂Q

∂θ
(Υ|θ)|Υ=Υ(θ) = 0,

with Q(Υ|θ) = L(Ψ|θ) + ρ(2 − ν), and the slackness condition ρ(θ)(2 − νr(θ)) = 0. In
addition, we assume that Υr(θ) is unique, in the sense that L(Ψr(θ)|θ) > L(Ψ|θ) for any
Ψ = (ν, γ, λ, ω)′ in a neighborhood of Ψr(θ) and fulfilling ν ≤ 2. As a consequence, as-
sumption 1 ensures the strong consistency when n→ ∞ of Υ̂n (resp. Υ̂n,H(θ)) for Υ(θ0)
(resp Υ(θ)) where θ0 denotes the true value of the parameters of the stable distribution.
To ensure local identification of θ0, we maintain a second assumption as in CFS.

Assumption 2: Rank ∂Υ
′

(θ)
∂θ

= 4 for any θ in a neighborhood of θ0.

To interpret assumption 2, it is first worth noting that trivially ωr(θ) = ω(θ) while
hopefully γr(θ) is little different from γ(θ).

A constraint on the tail parameter has no impact on the location parameter and little
impact on the skewness parameter, for instance always equal to one in the symmetric
case. This remark is actually confirmed by our simulations. Therefore, the fact that the
four rows of the matrix ∂Υ′(θ)

∂θ
= [∂Ψr′(θ)

∂θ
, ∂ρ

∂θ
] are linearly independent is expected as a

likely consequence of the following arguments: First, by the natural association between
structural and auxiliary parameters put forward in the former section and in Table 1,
we expect the matrix ∂Ψr′(θ)

∂θ
to be almost diagonal and at least, to have its four rows

linearly independent. Therefore, the four rows of the matrix ∂Υ′(θ)
∂θ

must be linearly
independent, at least when the constraint is not binding. Second, when the constraint
is binding, we still have a natural correspondence between the two sets of parameters
(β, σ, µ) and (γ, λ, ω) while the structural tail parameter α will not be captured by ν
anymore (νr(θ) = 2) but by the Kuhn-Tucker multiplier ρ(θ). In other words, we now

expect an almost diagonal matrix when considering ∂(γr ,λr,ωr ,ρ)
∂θ′

.
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For standard (unconstrained) indirect inference, we are here in a just identified set-
ting, so that θ̂u

n is simply defined as the solution of the four-equation system Ψ̂u
n =

Ψ̂u
H

(

θ̂u
n

)

. The superscripts, u for unconstrained, are just a reminder that the corre-

sponding estimators have been computed by choosing a zero Kuhn-Tucker multiplier:
ρ̂n and ρ̂h

n (θ) are fixed to zero, for h = 1, · · · , H . Note that, from Gourieroux, Monfort
and Renault (1993), we know that in this just-identified setting, the indirect inference
estimator θ̂u

n numerically coincides with the score-matching estimator as put forward by
Gallant and Tauchen (1996).

By contrast, in order to perform constrained indirect inference, we are faced with a
seemingly overidentified problem since both Υ̂n,H (θ) and Υ̂n entail five free parameters
while the unknown θ is of dimension four. However, we know that this overidentification
feature is just a finite sample problem since (see CSF, Proposition 1) the asymptotic
distributions of Υ̂n and Υ̂n,H (θ) are singular. Therefore, the overidentified finite sample
matching problem can be solved by minimizing an arbitrary distance:

θ̂r
n,H = arg min

θ

(

Υ̂n,H (θ) − Υ̂n

)′
Wn

(

Υ̂n,H (θ) − Υ̂n

)

.

In terms of asymptotic probability distribution of θ̂r
n, the choice of the positive def-

inite weighting matrix Wn is immaterial. In fact, Proposition 6 of CFS shows that
if dim(Ψ) = dim(θ), indirect methods provide estimators that are independent of the
choice of Wn for large enough n. Note however that when ν̂n is stuck at its limit value,
the information content of Υ̂n about the structural parameters θ will go through the
Kuhn-Tucker multiplier ρ̂n = 1

n
∂Ln

∂ν
(Ψ̂r

n). Therefore, constrained indirect inference will
not suffer from the weak identification problem about β that is currently encountered
with competing estimation methods when the true unknown value of α is close to 2.

The needed regularity condition for asymptotic theory of constrained constraint in-
direct inference is maintained as in CFS:

Assumption 3: There exists some nonstochastic positive definite matrices Ir
0 and Jr

0

such that
1

n

∂2L2
n

∂Ψ∂Ψ′ (Ψn) →p Jr
0

for any sequence Ψn which is a weakly consistent estimator of Ψr(θ0), and

√
n
∂Qn

∂Ψ
(Υ(θ0)) →d N (0, Ir

0).

Note that in order to get asymptotically normal indirect estimators, the key assump-
tion is asymptotic normality of the pseudo-score

√
n∂Qn

∂Ψ
computed at the pseudo-true

value. It is worth stressing that while observations have infinite variance, the pseudo-
score is expected to be well-behaved in the same way we know from DuMouchel (1973)
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that the true score is well-behaved. Then, standard theory of indirect inference (see
GMR) can be applied insofar as the information content in Ψ is sufficient for local iden-
tification of θ (assumption 2) and as the pseudo-score is root-n asymptotically normal
(assumption 3). Our Monte Carlo evidence (see also Garcia, Renault and Veredas (2006)
for extended evidence) shows that we do get probability distributions close to normal
for both scores and parameters for large n.9 This makes a key difference between our
approach and a conventional method of moments where asymptotic normality could not
be warranted due to the infinite variance of observations.10 In our setting, the asymp-
totic variance formula for θ̂u

n follows from GMR (p S93) where the cross-derivatives of
Ln with respect to Υ and θ are computed by simulations. As a robustness check, which
we follow in the application, we also compute the variance-covariance matrix of θ̂u

n by
bootstrap methods.

As far as constrained estimation is concerned, CFS show that a similar result of
asymptotic normality still holds for the parameters of interest in spite of the constraint
parameters. While they derive the asymptotic distribution of the constrained indirect
inference estimator for an infinite number H of simulated paths, we do extend it here
with finite H . As a general principle for simulated methods of moments, we know that
the only asymptotic consequence of this is to multiply the asymptotic variance matrix
of θ̂r

n by a factor
(

1 + 1
H

)

. Thus CFS Proposition 4 (p. 951) allows us to state:

Proposition 3.4: Under assumptions 1, 2 and 3

√
n(θ̂r

n,H − θ0) →d N
(

0,

(

1 +
1

H

)

(Cr
0)

−1

)

,

where

Cr
0 =

∂Υ′

∂θ
(θ0,Υ(θ0))Jr

0 (Ir
0)

−1Jr
0

∂Υ

∂θ′
(θ0,Υ(θ0)).

Given that the asymptotic distribution of the constrained indirect inference estimator
is completely analogous to the standard one, the required asymptotic variance matrix
can be consistently estimated by using procedures suggested by GMR (1993). The
limit Hessian matrix Jr

0 can be trivially estimated by its sample counterpart. The
estimation of the asymptotic variance matrix Ir

0 may be more involved since, as stressed

9For illustration purposes, asymptotic normality of the unconstrained QML estimators is discussed
in the appendix. The key argument is that QML is based on self-weighted sample averages with finite
variance by contrast with naive sample means. This argument is germane to the asymptotic normality
of MLE for GARCH processes even when squared returns have infinite variance (see Francq and Zakoian
(2004)).

10Note that fat tails may also invalidate the efficiency argument of Efficient Method of Moments
(Gallant and Tauchen, 1996) since there is no more reason to hope that a seminonparametric (SNP)
score generator based on Hermite expansions will be able to span the true score function. The class
of densities to fit with SNP considered by Coppejans and Gallant (2002) are indeed weighted with the
exponential function exp

(

−x2/2
)

which ensures finite moments at any order.
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in the introduction, we never maintain a serial independence assumption. The auxiliary
score has been written as if data were i.i.d. but we only assume that the sequence of
observations is stationary ergodic. Therefore, under standard regularity conditions:

Ir
0 =

+∞
∑

τ=−∞
Sτ (θ0,Υ(θ0)),

where

Sτ (θ,Υ) = E (mi(Υ)mi−τ (Υ)|θ) and

mi(Υ) =
∂L1

∂Ψ
(Yi) − ρ

∂ν

∂Ψ
.

Therefore we could obtain a consistent estimator of the matrix Ir
0 by any standard

heteroscedasticity and autocorrelation consistent (HAC) covariance estimation proce-
dure. In the application, we use Newey-West estimators (asymptotic variances in Table
7) and also check their validity by a bootstrap procedure.

4 A Monte Carlo study

In the first subsection, we compare our constrained indirect estimator to the CGMM
and empirical quantile estimation methods for various sets of values for θ, the vector
of parameters of the stable distribution, assuming that the observations are identically
and independently distributed. In the second subsection we show by simulation that
some GARCH processes may be observationally equivalent to a stable process from the
viewpoint of the unconditional distribution.

4.1 Independent processes

We carry out a Monte Carlo experiment to determine if the good asymptotic properties
of the indirect inference estimators with a skewed-t auxiliary model are maintained
in a finite sample context. As we have seen in the previous section, the asymptotic
distribution of θ̂n is determined by the asymptotic distribution of Ψ̂n. Therefore, it
is worthwhile to examine the sample distribution of the parameter estimates for the
auxiliary model in an experimental setting where we simulate data from a α-stable
distribution with different values of the parameters.

We generate 500 samples of 1000 observations for 3 different values of α, namely 0.3,
1.5 and 1.9.11 We keep the other parameters µ, σ and β fixed and set them equal to

11We simulate from the α-stable distribution following Chambers, Mallows and Stuck (1976).
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0, 0.5 and 0 respectively.12 The simulation experiment is divided in two parts. First
we estimate the unconstrained skewed-t distribution. Since the true values of Ψ are
unknown, we can only check by Monte Carlo the behavior of the first four moments of
the estimators. The results are reported in columns 3-6 of Table 2. Concerning ω, λ and
γ, skewness and kurtosis of the estimators are fairly close to zero and three respectively.
In contrast, ν̂n is ill-behaved in finite sample, especially when α approaches to 2. It
appears that ν̂n has a large upward bias. It is as if, in finite sample, the estimate wants to
capture the spurious appearance of normality corresponding to the limit case α = 2 and
ν = +∞. Three of the four plots in Figure 1 represent the kernel density of the Monte
Carlo distribution of ν̂n. When α ≥ 1.5 the estimator ν̂n exhibits serious departures
from normality. While these kernel densities are for a sample size of 1000, the role of
sample size in the dependence of ν̂n in α is investigated in the top part of Table 3. For
α = 1.9, no less than 10000 observations are needed for fairly approaching normality. The
implications of these shortcomings of the auxiliary model on the estimation of θ appear
in columns 7-10 of Table 2. For α = 1.9, skewness and kurtosis depart substantially from
the respective values of 0 and 3 for a normal distribution. For α = 1.5, the distribution
of the estimates is closer to a normal. We conclude from this simulation exercise that
the auxiliary model works for most cases but fails when α is close to 2.

Since the estimate ν̂n is ill-behaved in finite sample when α → 2, we impose an
upper bound on ν, as mentioned in the previous section. To check that the estimated
multiplier is well-behaved in finite sample, we plot in the bottom right corner of Figure
1 the density of ρ̂n when α = 1.9. It can be seen that, contrary to ν̂n, the distribution is
much closer to a normal. This confirms why ρ̂n is a more relevant auxiliary parameter
than ν̂n in such a case. The bottom part of Table 3 shows that in fact the finite sample
behavior of the multiplier is very good for any sample size.

The Monte Carlo study is conducted for α = 1.5 and 1.9 and β = 0 and 0.75.13 We
compare the CII method to CGMM method of Carrasco and Florens (2002) based on the
characteristic function with a regularization parameter δn equal to 10−6.14 The second
one is the empirical quantile method of McCulloch (1986).15 The results are reported in
Table 4.

As a general assessment, one can say that the constrained indirect inference method
delivers consistent estimators which are close to being normally distributed. The skew-
ness for all parameters is close to 0 and the kurtosis close to 3. Thanks to the constraint
imposed on ν in the auxiliary model, the estimator behaves well even when α approaches
2. CII compares well with the two other methods. First, with respect to CGMM, it

12A more extensive Monte Carlo study is available in Garcia, Renault and Veredas (2006).
13The number of draws H in set to five. Results do not change qualitatively for H = 1 and 2. We

choose the identity matrix for the weighting matrix Wn as explained in previous section.
1410−6 is the same value that Carrasco and Florens (2002) chose for their Monte Carlo study with

the α-stable distribution.
15We use a GAUSS procedure written by J. Huston McCulloch and available in his web page

http://www.econ.ohio-state.edu/jhm/jhm.html
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appears that it estimates much better the parameter σ, as CGMM underestimates it.
The bias for α = 1.9 is quite severe, since the mean of the 500 replications is 0.26 for
a true value of 0.5. Estimates for other parameters, for example β, suffer when α gets
close to 2, which is never the case for indirect inference. The CII method is also more
efficient than CGMM.16 The empirical quantile method does not seem to suffer from
any systematic bias except for β at α = 1.9. Its main weakness appears to be its lack of
efficiency. Standard deviations are larger than in the case of CII and CGMM.

To judge the efficiency of the indirect inference procedure, we also compare in Table
5 the empirical standard deviations of α and β to the asymptotic Cramer-Rao bounds
reported in DuMouchel (1975) for a set of parameter values. It can be seen that CII pro-
duces standard deviations that are close to the asymptotic lower bounds. Interestingly,
when α is getting closer to 2, the empirical standard deviations produced by the indirect
inference procedure are smaller than the asymptotic bounds. This is a finite sample
phenomenon. As we increase the number of observations from 1000 to 5000 the indirect
inference standard deviation becomes higher than the lower bound while remaining close
to it.

4.2 Dependent Processes

Several papers have investigated the relationship between stable processes and processes
with conditional heteroskedasticity such as GARCH and IGARCH. De Vries (1991)
has shown that under certain conditions on the parameters of a GARCH-like process,
the stable and GARCH processes are observationally equivalent from the viewpoint
of the unconditional distribution. Ghose and Kroner (1995) establish that many of
the properties of stable models are shared by GARCH models. However, they identify
distinctive properties, namely the clustering in volatility and the distributions of extreme
values, captured by their tail indices. Groenendijk, Lucas and de Vries (1995) show that
it is not always the case that the tail shapes can be used to discriminate between the
competing models. More recently, Deo (2000, 2002) has devised an estimation procedure
for the tail index α as well as a goodness-of-fit test that is valid in the presence of m-
dependence in the series.

To illustrate the results put forward in this literature, we generate GARCH(1,1)
series for a subset of parameter values chosen by Ghose and Kroner (1995). As before,
we simulate 500 samples of 1000 observations from a GARCH(1,1) model with either
Gaussian or Student-t5 that we aggregate every 5 and 20 periods. All processes exhibit
empirically excess kurtosis, which increases with the memory of the model and does not
vanish under aggregation. Table 6 shows the means and standard deviations for α̂n and

16As noted above, CGMM has been performed with a fixed ad hoc regularization coefficient. An
endogenous choice of δn could improve results, namely suppress the bias for σ. However, in the Monte
Carlo study performed by Carrasco and Florens (2002) for the α-stable distribution, the estimated σ
does not change significantly when δn is selected in an ad hoc way or endogenously.
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σ̂n. The stable density captures very well the increases in variance and kurtosis through
aggregation and memory. The tail index remains relatively constant under aggregation
while the estimated dispersion increases. In all cases standard errors increase with
aggregation as the sample size decreases. As expected, the tail index and the dispersion
are higher when the process is generated from a Student-t density that when it comes
from a Gaussian probability distribution. Last, the higher the memory of the model, in
particular for the last three cases, the lower the tail index and the higher the dispersion.

We have illustrated that stable distributions could serve as a good statistical tool to
capture the unconditional distribution of asset returns at low frequency, even if the true
DGP was a conditionally heteroscedastic process like GARCH. Of course, one might
argue that what matters for financial applications is the conditional distribution and
that the estimation method developed here will not be useful to capture the conditional
dependence in mean and variance. Although we do not intend to show in detail how
our method can be extended to characterize conditional distributions, we argue that it
should be possible to introduce dependence in our indirect inference procedure: First, it
should be stressed that GARCH-like processes, that is processes exhibiting conditional
heteroskedasticity, can be built from stable random variables as shown by de Vries (1991).
Second, Deo (2002) has used conditionally heteroscedastic processes with marginal stable
distribution, which has infinite dependence, to estimate tail indices with a procedure that
accommodates dependence of order m. He concludes that his procedure provides quite
good estimates of the tail index.

5 An Empirical Illustration

We propose to apply our estimation methodology for the stable distribution to the
characterization of the jump distribution in the S&P 500 index returns time series. A
series of papers by Barndorff-Nielsen and Shephard (2004a, 2004b, 2006) and Andersen
et al. (2003, 2007, 2009), as well as others, have shown that financial time series are
best characterized by jump diffusion processes. Of direct interest for our purpose is the
fact that the jumps are nearly i.i.d.. Jumps display less persistence than volatility and
appear to occur at unpredictable times. Moreover, the α-stable density appears as a
natural candidate for the distribution of a jump conditional on a jump occurring since
Levy processes provide the theoretical foundations to jump-diffusion models.

The literature on realized variance and bi-power variation has provided financial
econometricians with measures of both the diffusion and the jump parts in high frequency
financial time series. Bandorff-Nielsen and Shephard (2004b) develop a method for
detecting the presence of jumps. The basic idea is to compare two measures of variance,
realized variance, that includes the contribution of jumps to the total variance, and
bi-power variation, that is robust to the contribution of jumps. Realized variance and
bi-power variation are defined as follows:

17



RVi ≡
m
∑

j=1

r2
i,j

BVi ≡ π

2

m

m− 1

m
∑

j=2

|ri,j||ri,j−1|,

where ri,j refers to the j = 1, . . . , m within-day return on day i = 1, . . . , n. Asymptot-
ically, the difference between the realized variance and bi-power variation is zero when
there is no jump and strictly positive when there is a jump. This property has given
rise to several jump detection techniques in Barndorff-Nielsen and Shephard (2004b),
Andersen, Bollerslev and Diebold (2007), and Huang and Tauchen (2005).

Recently, Tauchen and Zhou (2009) extended this literature to identify large jumps
in a financial time series. First, they propose to use a ratio statistics identified in this
literature RJi ≡ RVi−BVi

RVi

to construct a test statistics to detect jumps:

ZJi =
RJi

√

[(π/2)2 + π − 5]m−1 max(1, TPi/BV 2
i )
,

where TPi is the tri-power quarticity robust to jumps defined in Bandorff-Nielsen and
Shephard (2004b). This test statistics converges in distribution to a standard normal
distribution.

Then, they assume that there is at most one jump per day and that the jump size
dominates the return when a jump occurs. Given a confidence level ι, it is possible to
filter out the daily realized jumps as

Ĵn,i = sign(ri)
√

(RVi − BVi)IZJi≥Φ−1
ι
,

where ri is the daily log return.

We apply their methodology to filter the jumps out of the S&P 500 return series.
We collected the 5-minute returns data from 2 January 1996 to 31 August 2006 from
Tickdata.com and compute the realized variance and bi-power variation statistics leading
to the test statistic separating the days in the sample between jump days and non-jump
days. We then estimate a stable distribution for the Ĵn,i with CII, as well as with
empirical quantiles for comparison purposes.17

Table 7 shows the estimation results of the α-stable and the skewed-t densities on
Ĵn,i. For the constrained indirect inference procedure we used H = 5 as in the reported
Monte Carlo results. Standard errors are computed using both the asymptotic method

17We experienced some difficulties with the CGMM method using the fixed beta value reported in
the Monte Carlo study. We decided not to pursue further since it would have involved a more elaborate
data-dependent method for deriving the optimal regularization parameter.
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described in GMR and a nonparametric bootstrap method. For the asymptotic method,
we compute the cross-derivatives of the log-likelihood function with respect to the struc-
tural and auxiliary parameters by simulation. For the bootstrap, we generate a number
of replications by drawing at random with replacement in the sample of data seen as the
population.18 We estimate the model for each bootstrap sample and obtain a measure of
the standard error in the generated distribution for each parameter. Given that for each
bootstrap sample our estimation procedure involves simulations, we limited our number
of replications to 100.

To filter the jumps we used two different significance levels, 0.99 and 0.999, as in
Tauchen and Zhou (2009). With the value of 0.99 we are detecting more jumps (828 out
of 2686 days) but of smaller size, while for 0.999 jumps are less (538) but larger in size.
The corresponding percentages of days with jumps are 30% and 20% respectively. It
means that the distribution of daily returns for 0.999 has thicker tails, which is reflected
in a smaller α (1.684 for 0.999 versus 1.722 for 0.99). The jump contribution to total
variance is in the order of 10%, a bit higher than in Tauchen and Zhou (2009) who
have a longer sample.19 In Tauchen and Zhou (2009), it is shown that for a small jump
contribution it is better to select the more generous test level of 0.99.

The estimates for the parameter α are smaller with empirical quantiles, implying
thicker tails. The larger standard error for the empirical quantile method confirms
its relative lack of efficiency. The estimate for the symmetry parameter β is statisti-
cally indistinguishable from zero for both the CII and the empirical quantile estimators.
Therefore one can conclude safely that the distribution of jumps does not show any
asymmetry. Finally, the estimated mean is close to 0.1 and the standard deviation
is around 0.3. This compares to empirical estimates of 0.05 and 0.53 respectively in
Tauchen and Zhou (2009), who impose a simple model of Poisson-mixing-Normal jump
specification. The standard errors of the estimates are roughly of the same magnitude
than the ones in Tauchen and Zhou (2009).

As a diagnostic check we compare by QQ plots in Figure 2 the quantiles of the
estimated stable distribution with the Gaussian quantiles for the two confidence levels
of the jump detection test. The left plot is for the confidence level 0.999 and the right
plot for 0.99. The stable quantiles are evaluated at the estimated parameters while the
Gaussian quantiles are evaluated on the sample mean and variance. Previous estimation
results indicate that days with jumps are far from being Gaussian and can be better
represented by a stable distribution. Indeed, the plots show clear differences between
the two distributions, especially in the tails. Stable quantiles away from the median are
larger than the corresponding Gaussian quantiles, indicating the presence of thick tails.
Moreover, the differences in the tail behaviour are more substantial for the confidence

18An alternative, to account for potential serial dependence, is to do block nonparametric bootstrap
with replacement. We also computed standard errors with this method for a block of size 10, but the
results were very similar and are not reported for space considerations.

19Their sample covers the period 1986-2005 for a total of 4752 days.
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level 0.999, which is natural since the jumps for this level are larger than in the 0.99
level case.

6 Conclusion

The stable distribution is particularly useful to model processes with heavy-tailed and
skewed distributions which are often encountered in financial series. However, its es-
timation raises several challenges that we addressed in this paper. Since the density
function of a stable distribution does not have a closed form but a stable series is rel-
atively easy to simulate, we proposed an indirect inference estimation method, which
is ideally suited to such characteristics. In a Monte Carlo study, we showed that the
method performed well and better than competing methods in terms of efficiency. To
improve the properties of the estimator in finite samples when the value of the stability
parameter approaches two, we used a variant of the indirect inference method called
constrained indirect inference. We also showed that this new method for estimating
stable distributions proved very useful for capturing the skewness and kurtosis present
in daily returns with jumps.

Although we do not consider testing in this paper, indirect inference provides as a
by-product specification tests about the matched characteristics, in our case the un-
conditional distribution. One can envision a battery of diagnostic tools. For example,
the fact that the binding function can be interpreted parameter by parameter allows
independent assessments of the ability of the stable model to capture the four rele-
vant features of the data. One can also perform an omnibus test, by matching jointly
McCulloch quantile-based functions and our skewed-t auxiliary parameters to obtain an
automatic overidentification test. These tests could complement the work by Deo (2000)
who proposed, in the context of m-dependent sequences, a goodness-of-fit test for stable
distributions. This is left for future research.

Appendix

Proof of Proposition 3.1:

Pseudo-true values are defined as maximizing the expectation of the log quasi-
likelihood function, that is:

L [(ν, γ, λ, ω) | (α, β, σ, µ)] = E [L1 (Y ; ν, γ, λ, ω)]

where Y  S (α, β, σ, µ). First note that when Y  S (α, β, σ, µ) we have for all a ∈ R:

Y + a S (α, β, σ, µ+ a)
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and
L1(y + a; ν, γ, λ, ω + a) = L1(y; ν, γ, λ, ω),

while for all a ∈ R
∗
+:

aY  S (α, β, aσ, aµ)

and
L1(ay; ν, γ, aλ, aω) = L1(y; ν, γ, λ, ω).

Thus, for all a ∈ R:

L [(ν, γ, λ, ω + a) | (α, β, σ, µ+ a)] = L [(ν, γ, λ, ω) | (α, β, σ, µ)]

and for all a ∈ R+∗:

L [(ν, γ, aλ, aω) | (α, β, aσ, aµ)] = L [(ν, γ, λ, ω) | (α, β, σ, µ)] .

Then, considering first a = −µ and, second, a = 1/σ, we get:

L [(ν, γ, λ, ω) | (α, β, σ, µ)] = L [(ν, γ, λ, ω − µ) | (α, β, σ, 0)]

= L

[(

ν, γ,
λ

σ
,
ω

σ

)

∣

∣

∣

(

α, β, 1,
µ

σ

)

]

= L

[(

ν, γ,
λ

σ
,
ω − µ

σ

)

|(α, β, 1, 0)

]

.

We deduce straightforwardly from the above expressions that:

ω(α, β, σ, µ) = µ+ ω(α, β, σ, 0)

λ(α, β, σ, µ) = σλ
(

α, β, 1,
µ

σ

)

γ(α, β, σ, µ) = γ (α, β, 1, 0)

ν(α, β, σ, µ) = ν (α, β, 1, 0) .

Finally, note that when Y  S (α, β, 1, 0), (−Y ) S (α,−β, 1, 0) and for all y:

L1(−y; ν,
1

γ
, λ,−ω) = L1(y; ν, γ, λ, ω).

Therefore

γ(α,−β, 1, 0) =
1

γ(α, β, 1, 0)
and

ν(α,−β, 1, 0) = ν (α, β, 1, 0) .

This completes the proof of Proposition 3.1.

Proof of Proposition 3.2:
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By proposition 3.1

γ(α, β, σ, µ) =
1

γ(α, 0, σ, µ)
.

And thus γ(α, 0, σ, µ) = 1. Moreover, when γ = 1, the asymptotic first order condition
for ω is:

0 = E

(

Y − ω

1 + (Y −ω)2

νλ2

)

.

ω = µ is clearly a solution of the equation since, when β = 0, Y − µ and (Y −
µ)
(

1 + (Y −µ)2

νλ2

)−1

are symmetrically distributed around 0.

Proof of Proposition 3.3:

The partial derivatives of the expected quasi loglikelihood function with respect to
λ and ν are

∂L

∂λ
= −1

λ
− ν + 1

2ν

(

− 2

λ3

)

E

[

(Y − ω)2 gω (Y, γ)

1 + 1
ν

(

Y −ω
λ

)2
gw(Y, γ)

]

and

∂L

∂ν
=

h′ (ν)

h (ν)
− 1

2ν
− 1

2
E

[

log

[

1 +
1

ν

(

Y − ω

λ

)2

gw (Y, γ)

]]

−ν + 1

2λ2

(

− 1

ν2

)

E

[

(Y − ω)2 gω (Y, γ)

1 + 1
ν

(

Y −ω
λ

)2
gw(Y, γ)

]

.

When Y  S(α, 0, 1, 0) the pseudo-true value of γ is 1 so that gω(Y, γ) = 1 and the
above first order derivatives can be computed at the pseudo-true value Ψ(α, 0, 1, 0) as:

∂L

∂λ
= −1

λ
+
ν + 1

λ
E

[

Y 2

λ2ν

1 + Y 2

λ2ν

]

∂L

∂ν
=

h′ (ν)

h (ν)
− 1

2ν
− 1

2
E

[

log

(

1 +
Y 2

λ2ν

)]

+
ν + 1

2ν
E

[

Y 2

λ2ν

1 + Y 2

λ2ν

]

.

The first equation ∂L
∂λ

= 0 gives zero since the first result of proposition 3.3 while
when plugging in into the second equation ∂L

∂ν
= 0 we get the second result of proposition

3.3.

Asymptotic normality of the unconstrained QMLE

For sake of brevity we simplify the proof by considering that the observations Yi

are i.i.d. and symmetric. Serial dependence could clearly be accommodated by refereing
instead to central limit theorems for mixing sequences. The symmetry assumption allows
us, by virtue of proposition 3.2, to simplify the formulas by considering only three free
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auxiliary parameters (ω, λ, ν) to identify three structural parameters (µ, σ, α) while γ is
fixed at its pseudo true value γ0 = 1. In the general case, the functions of γ, gω(Y, γ)
and (γ + 1

γ
) could easily be incorporated in the QML first order conditions below at the

cost of cumbersome algebra.

Thanks to the simplifying constraint γ = 1, the first order conditions for the QML
(ω̂n, λ̂n, ν̂n) can be written:

∂Ln

∂ω
(ω̂n, λ̂n, ν̂n, ) = 0 ⇔ ω̂ =

∑n
i=1 θi,nYi
∑n

i=1 θi,n
(6.7)

with θi,n =

[

1 +
1

ν̂n

(

Yi − ω̂n

λ̂n

)2
]−1

,

∂Ln

∂λ
(ω̂n, λ̂n, ν̂n, ) = 0 ⇔ λ̂2 =

ν̂n + 1

2ν̂n

1

n

n
∑

τ=1

θi,n(Yi − ω̂n)2, (6.8)

and the first order condition
∂Ln

∂ν
(ω̂n, λ̂n, ν̂n, ) = 0

is less tractable since it involves the highly nonlinear function h(ν). It could however
be handled exactly in a similar way to the other first order conditions thanks to local
linearization.

By (6.7):

ω̂n − ω0 =

∑n
i=1 θi,n(Yi − ω0)
∑n

i=1 θi,n

=
λ0
√
ν0
∑n

i=1 θi,nZi
∑n

i=1 θi,n

,

where Zi = Yi−ω0

λ0
√

ν0
. By the uniform low of large number for the bounded double array

θi,n we have

1

n

n
∑

i=1

θi,n →p E
(

(1 + Z2)−1
)

.

Thus
√
n(ω̂n − ω0) =

λ0
√
ν0

E ((1 + Z2)−1)

1√
n

n
∑

i=1

θi,nZi + op(1).

Since Zi

1+Z2

i

is bounded and symmetric around zero (see ω0 = µ0 by proposition 3.2), we

deduce that
√
n(ω̂n − ω0) is asymptotically normal with asymptotic variance

λ02
ν0

(

(E(1 + Z2))−1)2
E

(

Z2

(1 + Z2)2

)

.

It is worth noting that the central limit argument above works because we manipulate
sample means of variables Zi

1+Z2

i

which have finite variances (they are bounded), by

contrast with the initial standardized α−stable variable Zi.
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Similarly, we deduce from (6.8) that

√
n(λ̂2

n − λ02
) =

ν0 + 1

2ν0

1√
n

n
∑

i=1

(

θi,n(Yi − ω̂)2 − c
)

+ op(1)

with

c =
2λ02

ν0

ν0 + 1
.

By standard uniformity argument and thanks to boundedness we can write, similarly to
above,

√
n(λ̂2

n − λ02
) =

(ν0 + 1)λ02

2

1√
n

n
∑

i=1

(

Z2
i

1 + Z2
i

− 2

ν0 + 1

)

+ op(1).

Since the variables
Z2

i

1+Z2

i

are bounded, the central limit theorem still applies.
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Table 1: Relation structural and auxiliary parameters

Characteristic Structural Auxiliary
Tail thickness α ν
Skewness β γ
Scale σ λ
Location µ ω

Table 2: Simulation results for for the unconstrained model

α ν̂n γ̂n λ̂n ω̂n α̂n β̂n σ̂n µ̂n

0.3 Mean 0.21 1.01 0.08 0.00 0.28 0.05 0.52 -0.02
Sd 0.01 0.03 0.01 0.00 0.04 0.09 0.00 0.01
Skw 0.04 -0.06 0.06 0.14 0.09 0.12 -0.04 -0.10
Kur 2.87 3.04 3.23 3.04 2.88 3.12 2.97 3.01

1.5 Mean 2.18 1.00 0.58 -0.01 1.47 -0.11 0.50 -0.04
Sd 0.20 0.04 0.02 0.04 0.04 0.09 0.01 0.04
Skw 0.58 -0.08 0.15 -0.01 0.03 0.28 0.13 0.12
Kur 3.81 2.79 2.93 2.89 2.94 3.14 3.45 3.29

1.9 Mean 7.55 1.00 0.64 -0.01 1.82 0.16 0.50 0.11
Sd 3.32 0.05 0.02 0.06 0.79 0.21 0.01 0.09
Skw 3.42 0.18 -0.11 -0.02 -3.12 0.14 -0.13 1.32
Kur 22.0 2.87 3.01 2.87 22.9 2.66 3.48 7.39

First four moments of the estimated parameters of the skewed-t (columns 3-6) and
the α-stable distribution (columns 7-10) using unconstrained indirect inference and
when the data generating process is S(α, 0, 0.5, 0) for values of α given in the first
column (500 samples of 1000 observations). Sd, Skw and Kur stand for standard
deviation, skewness and kurtosis.
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Table 3: Sensitivity of ν̂ and ρ̂ to the sample size when α = 1.9

N 500 1000 5000 10000
ν̂n Sd 38.82 15.46 0.83 0.58

Skw 7.18 3.08 0.92 0.78
Kur 56.53 16.53 4.47 4.15

ρ̂n Sd 0.00 0.01 0.01 0.01
Skw -0.29 -0.14 -0.23 -0.17
Kur 2.96 2.86 3.36 3.03

Standard deviations, skewness and kurto-
sis (denoted by Sd, Skw and Kur respec-
tively) of the estimated ν and ρ using un-
constrained and constrained indirect inference
respectively. The date generating process is
S(1.9, 0, 0.5, 0). We generate 500 samples of
N = 500, 1000, 5000, 10000 observations.

Table 4: Simulation results for the constrained model

CII CGMM Empirical Quantiles

α β α̂n β̂n σ̂n µ̂n α̂n β̂n σ̂n µ̂n α̂n β̂n σ̂n µ̂n

1.5 0 Mean 1.61 -0.00 0.49 0.08 1.50 0.03 0.35 0.00 1.49 0.00 0.49 0.00
Sd 0.15 0.09 0.02 0.03 0.07 0.15 0.02 0.06 0.08 0.15 0.02 0.07
Skw -0.78 0.05 -0.07 0.02 0.08 -0.10 0.14 -0.01 0.26 0.03 0.09 -0.29
Kur 3.55 2.92 3.19 3.06 2.90 2.94 2.95 3.18 2.95 3.47 2.91 3.59

0.75 Mean 1.53 0.75 0.50 0.01 1.50 0.75 0.35 0.01 1.51 0.78 0.49 -0.00
Sd 0.04 0.07 0.01 0.04 0.07 0.12 0.02 0.08 0.11 0.16 0.02 0.10
Skw 0.23 -0.13 0.04 0.11 0.02 -0.19 0.39 0.65 0.38 -0.23 0.10 0.27
Kur 3.03 2.94 2.90 4.01 2.71 2.83 3.55 3.84 3.01 3.98 3.01 3.98

1.9 0 Mean 1.91 0.04 0.49 0.01 1.89 0.00 0.26 -0.00 1.88 0.01 0.49 0.00
Sd 0.02 0.38 0.01 0.03 0.05 0.61 0.02 0.03 0.10 0.39 0.03 0.04
Skw -0.03 -0.03 0.01 0.08 -0.46 0.01 -0.01 0.05 -0.58 0.03 0.01 -0.02
Kur 2.73 3.14 2.88 3.31 3.17 2.08 2.87 3.04 2.32 4.15 2.92 2.99

0.75 Mean 1.90 0.75 0.49 0.01 1.88 0.63 0.26 -0.00 1.88 0.35 0.49 -0.01
Sd 0.04 0.12 0.01 0.03 0.05 0.44 0.01 0.03 0.11 0.40 0.03 0.04
Skw 0.20 -0.54 0.18 0.30 -0.34 -1.52 0.28 0.02 -0.59 0.38 0.16 -0.09
Kur 3.04 3.17 3.38 3.02 2.89 5.37 3.08 2.99 2.30 2.01 3.09 3.04

First four moments of the estimated parameters of the α-stable distribution when the data generating
process is S(α, β, 0.5, 0) for values of α and β given in the first and second columns respectively (500
samples of 1000 observations). Columns 4-7 are estimates using constrained indirect inference. Columns
8-11 are estimates using CGMM and columns 12-15 show the estimates using empirical quantiles. Sd,
Skw and Kur stand for standard deviation, skewness and kurtosis.
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Table 5: Finite Sample vs Asymptotic Standard Deviations

α β Sd. Ind. Inf. Sd. Asympt.

α̂n β̂n α̂n β̂n

1.5 0 0.048 0.096 0.049 0.096
0.5 0.044 0.097 0.047 0.085

1.9 0 0.026 0.369 0.036 2.287
0.5 0.015 0.364 0.035 0.268

Comparison of finite sample (500 samples of 1000
observations) indirect inference standard devia-
tions (Sd. Ind. Inf.) with asymptotic devia-
tions corresponding to the Cramer-Rao bounds
(Sd. Asympt.) for α and β.
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Table 6: Simulation Results when the DGP is a GARCH model.

GARCH model Distribution 5 20
δ1 = 0.1, δ2 = 0.8 α̂n Normal 1.9132

[0.0348]
1.9256
[0.0424]

1.9072
[0.1095]

α̂n t5 1.7277
[0.0418]

1.8423
[0.0718]

1.7929
[0.0807]

σ̂n Normal 0.6800
[0.0311]

1.4731
[0.1003]

2.8884
[0.4403]

σ̂n t5 0.5618
[0.0269]

1.3437
[0.1136]

2.9488
[0.4071]

δ1 = 0.05, δ2 = 0.9 α̂n Normal 1.9361
[0.0248]

1.9136
[0.0538]

1.7992
[0.1112]

α̂n t5 1.7459
[0.0382]

1.7785
[0.0652]

1.8071
[0.1333]

σ̂n Normal 0.9621
[0.0427]

2.1098
[0.1439]

4.0430
[0.5512]

σ̂n t5 0.8079
[0.0381]

1.9341
[0.1744]

3.9414
[0.6127]

δ1 = 0.05, δ2 = 0.95 α̂n Normal 1.7526
[0.0992]

1.6941
[0.1102]

1.5987
[0.1983]

α̂n t5 1.5882
[0.1260]

1.6085
[0.1721]

1.5942
[0.1630]

σ̂n Normal 3.5478
[1.3464]

7.7671
[2.9350]

14.790
[3.9942]

σ̂n t5 2.6441
[0.6771]

6.0090
[1.7830]

13.028
[3.6017]

Mean and standard deviation (in square brackets) of 500 estimated α̂n’s and σ̂n’s
(each draw of 1000 observations) when the DGP is a GARCH(1,1):

yt = εt, εt ∼ D(0, ht)

ht = δ0 + δ1ht−1 + δ2ε
2

t−1,

and where D is either Gaussian or Student-t5. Last two columns show the estimated
parameters when the DGP is aggregated over 5 and 20 periods.
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Table 7: Estimation results

Confidence level 0.999 0.99
Days 2686 2686
Day with jumps 538 828
Jump contribution 9.44% 12%
Jump mean 0.0040 0.0038
Jump Standard Deviation 0.0036 0.0034
Equal variance test 1.12 (F538,828 ' 1)
Equal mean test 0.599 (t1364 = 1.96)

CII
α̂n 1.6841

[0.0490,0.0516]
1.7224

[0.0407,0.0452]

β̂n 0.0298
[0.1822,0.2772]

−0.170
[0.1681,0.2164]

σ̂n 0.2992
[0.0176,0.0228]

0.2966
[0.0137,0.0160]

µ̂n 0.1067
[0.0355,0.0319]

0.0752
[0.0314,0.0251]

Empirical Quantiles
α̂n 1.5631

[0.0885]
1.6188
[0.0796]

β̂n 0.0064
[0.1600]

0.0029
[0.1307]

σ̂n 0.2909
[0.0202]

0.2906
[0.0129]

µ̂n 0.0853
[0.0300]

0.0829
[0.0232]

Skewed-t
ν̂n 4.5414

[0.8541]
5.1589
[0.8677]

γ̂n 1.0354
[0.0569]

0.9910
[0.0455]

λ̂n 0.4075
[0.0277]

0.4032
[0.0200]

ω̂n 0.0625
[0.0366]

0.0705
[0.0319]

Descriptive statistics (top panel), estimation results of the α-stable distri-
bution with CII and empirical quantiles (middle panels), and estimation
results of the skewed-t distributions (bottom panel). Estimation is based
on days when a jump has been detected. To detect them a test has been
used with two confidence levels 0.999 and 0.99. Standard deviations for CII
have been computed with nonparametric bootstrap (left numbers within
the squared brackets) and the asymptotically (right numbers). Standard
deviations for empirical quantiles have been computed with nonparametric
bootstrap.
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From top to bottom and from left to right, kernel densities of ν̂n when the true α are 0.3, 1.5
and 1.9. The bottom right plot shows the kernel density of ρ̂n when the true α is 1.9.

Figure 1: Kernel Densities for ν̂n and ρ̂n
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Stable quantiles (y-axis) against the Gaussian quantiles (x-axis). The left plot is for confidence
level 0.999 in the jump detection test and the right plot for confidence level 0.99. The stable
quantiles are evaluated at the estimated parameters. The Gaussian quantiles are evaluated at
the estimated sample mean and variance.

Figure 2: QQ plots Stable vs. Gaussian
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